We generalize and slight improve the result of I. I. Sharapudinov [Mat. Zametki, 1996, Volume 59, Issue 2, 291-302]. Some applications to the de la Vallée Poussin operator will also be given.
Introduction
Let p = p(x) will be a measurable 2π -periodic function, p − = inf {p(x) : x ∈ R}, p − = sup {p(x) : x ∈ R}, 1 ≤ p − ≤ p − < ∞ and L p 2π will be the space of measurable 2π -periodic functions f such that π −π |f (x)| p(x) dx < ∞. Putting f p = inf α > 0 :
we turn L p 2π into the Banach space. We write Π 2π for the set of all 2π -periodic variable exponents p = p(x) ≥ 1 satisfying the condition |p(x) − p(y)| ln 2π |x − y| = O (1) , (x, y ∈ [−π, π]) .
In the paper [2] I. I. Sharapudinov proved the following theorem: Theorem A. Let k λ = k λ (x) (1 ≤ λ < ∞) be a measurable 2π -periodic essentially bounded function (kernel) satisfying the conditions:
We generalize and slight improve this result considering the wider family of two parameters convolution operators. Some applications to the de la Vallée Poussin operator will also be given.
Main result
Denote by k m,n = k m,n (x), for every 0 ≤ m ≤ n < ∞, a measurable 2π -periodic essentially bounded function (kernel). Let define the linear operator
. We will say that the kernel family {k m,n (x)} 0≤m≤n<∞ satisfies the conditions B) and C), respectively, if the following estimates hold:
γ and γ, η, c 2 , c 3 > 0 are independent of m, n. For the operator K m,n [f ] we will prove the following general estimate:
Proof. Let
whence p t (x) = p 0 (x + t) is a 2π -periodic step function such that
Denote by
It is clear that for
and therefore
In case of integral J x , using (1), (2) and (3), for x k ≤ x ≤ x k+1 , we obtain that
and therefore by condition B)
Next,
Thus
By the Jensen inequality,
Similar to [2, (17) p.295] we have
and our result follows.
Corollary 2. If we put m = n = λ in the assumptions of Theorem 1, then for f ∈ L p 2π with p = p(x) ∈ Π 2π the following estimate 
De la Vallée Poussin operator
Let f ∈ L 1 2π and consider the trigonometric Fourier series
with the partial sums S k f. For 0 ≤ m ≤ n, m, n = 0, 1, 2, ... denote by It is clear that the kernel family {Φ m,n (x)} 1≤m≤n<∞ satisfies the conditions B) with η = 1 and C) with γ = 
Hence, by Theorem 1, we have:
From Theorem 4 we get the following corollary:
In the special case we can consider the following Fourier operator: 
